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Abstract

In this paper, an upper bound approach is used to analyze the process of backward tube
extrusion through arbitrarily curved punches. Based on the assumptions of proportional angles
and proportional distances from the mandrel surface in the deformation zone, two kinematically
admissible velocity fields are proposed and those are used in upper bound solution. By using the
developed upper bound solution, optimum punch lengths which minimize the extrusion forces
are determined for a streamlined punch shape and also for a conical punch. The corresponding
results are also determined by using a finite element code, ABAQUS, and by doing some
experiments and compared with the analytical results. This comparisons show a good agreement.
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1 Introduction

In backward extrusion, there is no relative movement between the initial billet and the container
and it is characterized by the absence of friction between the initial billet surface and the
container. This process needs lower extrusion force and also it is suitable for producing partially
extruded products because of the simplicity in ejecting of the extruded part from the container as
compared with forward extrusion process. In this process, such as other metal forming
processes, calculation and optimization of extrusion force are important. Among various
analytical and numerical approximate methods of solution, the upper bound technique and the
finite element method have been widely used for the analysis of the extrusion process. One of
the limitations of most of the current FEM solution schemes for metal forming is that they do
not provide parametric analysis. Hence, any parametric investigation is usually done manually
by changing one FE model to another until a feasible solution is obtained. Establishment of
analytical solutions for extrusion process facilitates parametric study and may help in
understanding the mechanics behind the extrusion processes better. Even though the finite
element gives detailed information, it takes considerable CPU time. Using the upper-bound
technique has the merits of saving computer’s CPU and it appears to be a useful tool for
analyzing metal forming problems when the objective of such an analysis is limited to prediction
of deformation load and/or to study metal flow during the process. A number of people have
used the upper bound method to analyze the extrusion process. Avitzur [1-3] developed models
for forward rod extrusion through conical dies using the upper bound approach. Chen and Ling
[4] developed a velocity field for axisymmetric extrusions through cosine, elliptic and
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hyperbolic dies. Zimmerman and Avitzur [5] also modeled extrusion using the upper bound
method with generalized shear boundaries. Mehta et al. developed a kinematically admissible
velocity field and compared it with the experimentally obtained flow field using the visio-
plasticity technique [6]. Chang and Choi developed an upper bound solution for tube extrusion
through curved dies [7]. Hartley proposed a kinematically admissible velocity field for forward
tube extrusion through a conical die, which reduces to the kinematically admissible velocity
field for rod extrusion in the limit as the mandrel diameter goes to zero [8]. Yang et al. [9] as
well as Yang and Han [10] developed upper bound models for forward rod extrusion with
streamlined dies. An upper bound solution for strain hardening materials has been developed by
Yang et al. for tube extrusion through streamlined dies [11]. They extended the same analysis
for three-dimensional forward extrusion of arbitrarily shaped tubes [12]. Altan proposed a
deformation model for tube extrusion through a flat die by assuming the flow lines to be straight
[13]. Bakhshi et al. proposed an optimum punch profile in backward rod extrusion [14]. Saboori
et al. studied the energy consumption in forward and backward rod extrusion [15]. A feature
based upper bound model to analyze the backward tube extrusion proposed by Malpani and
Kumar [16]. The analysis was based on a kinematically admissible velocity field to obtain the
optimal extrusion pressure by optimizing the die length. Ebrahimi et al. [17] proposed a
kinematically admissible velocity field for forward tube extrusion through conical dies. Gordon
et al. were developed an adaptable die design method for forward rod extrusion and described
them in details in a series of papers [18-20].

The purpose of this paper is to develop a velocity field that applicable to backward tube
extrusion through arbitrarily curved punches. The proposed velocity field is used to find out an
optimal streamlined punch length and the corresponding extrusion force for a given process
conditions. The investigation is also performed using the finite element code, ABAQUS and by
doing some experiments.

2 Upper bound analysis

Fig. 1 shows a schematic diagram of the tube backward extrusion through an arbitrarily shaped
punch with fixed cylindrical shaped mandrel. In this figure R, and R; are outer radii of the initial
and the extruded tube and R, is the mandrel radius. To analyze the process by using the upper
bound method, the material under deformation is divided into three zones. In zone |, material is
stationary and in zone 111 the material moves rigidly with the velocityV; . Zone Il is surrounded
by two velocity discontinuity surfacesS;, S,, mandrel surface and the punch surface. The
punch surface, which is labeled asy (r) in Fig. 1, is given in the spherical coordinate system,
(r,9,¢), wherey(r) is the angular position of the punch surface as a function of the radial
distance from the origin. The origin of spherical coordinate system is located at point O which is
defined by the intersection of the axis of symmetry with the line that goes through the point
where the punch begins and the exit point of the punch. The

spherical velocity discontinuity surface S;is located at distancer, from the origin and the
spherical velocity discontinuity surface S, is located at distance r; from the origin.

From Fig. 1, we have

R, =R, +r,sina, Ry =R, +rysina 1)

where « is the angle of the line connecting the initial point of the curved punch to the final point
of the punch and tan @ = (R, — R )/ L, where L is punch length.
The exit velocity V; is determined by
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RZ-R,2
0 f v (2)

Vi=—0 1
2 2 0
Rf _Rm

Substituting Eg. (2) into Eq. (3), the exit velocityV; can be written as

i R

Fig. 1 Schematic diagram showing backward tube extrusion through an arbitrarily curved
punch.

R_+r,sina)? — (R +r; sina)?
Vf :( m 0 ) : ( rzn f2 ) Vo (3)
(R +risina)” —R,

For small radius of the mandrel, the above equation can be simplified as

;2
Vi ;(r"—z—l)Vo (4)
f

The first step in the upper bound analysis is to choose an admissible velocity field for the
material undergoing plastic deformation. The assumption of velocity field will influence the
prediction of load and metal flow. The velocity field that has been derived from
incompressibility condition and satisfies the velocity boundary conditions is a kinematically

admissible velocity field.

2.1 Velocity field in the deformation zone
Two assumptions that were used by Gordon et al. [18] for forward rod extrusion are used here
for backward tube extrusion process. If the assumption of proportional angles in the deformation

zone is made, then radial velocity component is written as
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Ty 12 @ sin(26a/y)

V
V, =V, cos 6 ——=( -
2 r w sing

()

Assuming the proportional distance from the mandrel surface then

2 .2
r, ) sin
V, =V, cos -V, (—"] _—zacos 0 (6)
rj) sin“y
The full velocity field for the flow of the material in deformation zone is obtained by invoking
volume constancy. Volume constancy in spherical coordinate system is defined as
érr+é99+é¢¢:0 (7)

where ¢; is the normal strain rate component in the i -direction. The strain rates in spherical
coordinates are defined as

. ov,
o
1oV, V,
Egg =———+—
7 60 r
oV \Y/
1 —¢+V—r+—9cot0

é‘ =
% rsing op r r

_1(av9 Vv, +16Vrj

Pl = — — - —
“2ler r roe
. oV, oV,
by =t Lo 1N oot
2\ rsind 0¢ r 00 r
& :E %—\Q-FL% (8)
72l ar r rsing o¢

For the axisymmetric extrusion (i.e.V¢ =0) and the angular component of velocity,V, is
obtained by placingV,, from Egs. (5)-(6) into Egs. (7)-(8), solving forV,and applying
appropriate boundary conditions. Then, there are two velocity fields depending on the mentioned
assumptions:

(1) Assuming proportional angles in the deformation zone:

2 a sin(20a/y)

V, =V, cosH—V—°(r—°) -
2 r w sing
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V, =0 ©)

(2) Assuming the proportional distances from the mandrel surface:

ry | sin?
V, =V, cose—vo[ j LY
r) sin? 174

sinay, dy sin@

Vg =-V,sind -V, —(
r siny’ or tanz//

V, =0 (10)

If the exit velocityV; is determined by Eq. (4), then Egs. (9)-(10) satisfy the incompressibility
condition and the boundary conditions on velocity discontinuity surfacesS;, S,and mandrel
surface as well as the punch surface. Therefore, they are deemed to be kinematically admissible
fields.

Based on the proposed velocity fields, the strain rate fields for deformation zone can be obtained
by Eq. (9). With the strain rate field and the velocity field, the standard upper bound method can
be implemented. This upper bound model involves calculating the internal power of deformation
over the deformation zone volume, calculating the shear power losses over the surfaces of
velocity discontinuity, and the frictional power losses along frictional surfaces. Since, no
deformation occurs in zones | and 11, therefore, the strain rate components are zero.

2.2 Internal power of deformation
The internal power of deformation in an upper bound model is

W, = 2% j EFry (11)

Internal power of zones | and 11l are zero and the equation to calculate the internal power of
deformation in zone Il is

4 V0
W, =0 J"” \/l(g'fr + 88y +82))+ £ (Ry +rsinO)rdodr (12)
r 2 PP

where o is the mean flow stress of material and is given by

J.gadg 2 2
R -R

EEL AL ol 13)
Rf_Rm

2.3 Shear power losses
The equation for the power losses along a shear surface of velocity discontinuity is

Wis = 22 [|av]ds (14)
V3
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The shear power losses along the velocity discontinuity surfaces S and S, with assuming
proportional angles in the deformation zone, become

. 270 o oy
Wg =———V, 6 +r, —cos  — R 0)do 15
T r, I(sm +, cos o I )(Ry, +1,sin0) (15)
2100, Ty | N
We, =220y 20 [(sing+r; Zcos 02|, )R, +r1; sin@)do 16
S2 \/g 0 r 2[( f a or r=ry )( m f ) ( )

and with assuming the proportional distances from the mandrel surface, become

. 270 K sin o 1 oy

We, =———V, r, | L+r, (—— R, +r,sin6)dg 17
5= oog( oG Ty ar 1) ) @
. 2no r,2 ¢ sina,, 1 oy

We, =20V 0 | (@+r 2 R,, + 1y sin@)sin0do 18
2=~ Vo !( Gy Ty ar |rer)(Rm Ty 5 0) (18)

2.4 Friction power losses
The general equation for the friction power losses for a surface with a constant friction factor m
is

W _m—I|AV|dS (19)
Sf

For punch surface S , the differential surface and the magnitude of the velocity difference are

dS = 27(Ry, +rsiny) [1+(r ‘2—"’)2 dr (20)
r

‘AV ‘ =|(V, -V, cosy)cosn+(V, +V, siny)sing| ,_, (21)

where r7is local angle of the punch surface with respect to the local radial velocity component
and

oy
1 o
cosn:—a, sinn:+ (22)
| AY LAY
1+(r— 1+(r—
( o ) ( o )
. o 1
Wiz =—2mV,r, % sin ZaJ (— ( )\ (R, +rsiny)dr (23)
3 ysiny “r?
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The frictional power losses along the surface S,, shown in Fig. 1, with assuming proportional
angles in the deformation zone is calculated as

. 2o
Wi, = @0 (24)
and with assuming the proportional distances from the mandrel surface, it becomes

- 20 sina
Wi, = J§° - ( e ) (25)
The frictional power losses along the surface Sg can be given by

. 2
Wfs—\/gmGOR V I’f (26)
Finally, the power dissipated on the frictional surface S6 , punch land, becomes

. 2
WfGZEmUORf(\/f —Vo)L¢ (27)

where L; is the length of the punch land.

Based on the upper bound model, the total power needs for backward tube extrusion process is
obtained by summing the internal power and the power dissipated on all frictional and velocity
discontinuity surfaces. Therefore, the total upper bound solution for the relative extrusion
pressure is given by

Paver Wi +Wsq +Wsp +Wig + Wiy + Wi +Wig

P 7(RZ = RfV,0,

(28)

A MATLAB program has been implemented for the previously derived equations and is used to
study the backward tube extrusion process for different punch shapes and different process
conditions. It includes a parameter L, punch length, which should be optimized.

3 Comparison of the velocity fields

The developed velocity fields and the upper bound model can be used for backward tube
extrusion through punches of any shape if the punch profile is expressed as equationy/(r) . To
compare the upper bound results obtained for the two velocity fields, the die profile introduced
by Yang and Han [9, 10] for forward rod extrusion is selected for the profile of the punch. They
created a streamlined die shape as a fourth-order polynomial whose slope is parallel to the axis
at both entrance and exit of the die. Die shape of Yang and Han can be expressed in spherical
coordinate system, shown in Fig. 1, as
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rosing Cs ~ 3 LU
r, sina (- R¢ —Rm)2 1 Ri =R, r, cosa
R, —Ry, R, - R,
2C
o - Z_R B - _fR )_Lcos«//+1)3 (29)
(17 f m)z (17 f m)3 ro COoS x
Rome Rome
C
. f (_Lcosw+1)4
(- R¢ —Rm)4 r, cosa
R, - R,
where
R: - R
31-—"—"a-2L /L)
RO_Rm
Cf =

1-6L¢ /L+6(L /L)

where L; /L is the relative position of the inflection point for the die and can vary from 0 to 1
[20].
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Fig. 2 Relative extrusion pressures for extrusion through a Yang and Han punch shape using
the angular and sine velocity fields: (a) forR; /R, =04andm=0.2; (b) for

R¢ /R, =0.5andm=0.2; (c) for R; /R, =0.5andm=0.5.
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Fig. 2 shows the relative average extrusion pressure calculated from the two velocity fields as a
function of the punch length. This figure includes two different tube geometry (R; /R, =0.4

for Fig. 2a andR, /R, =0.5 for Figs. 2b-2c) and two different friction factors (m=0.2 for Figs.

2a-2b and m=0.5 for Fig. 2c). These figures show that the assuming the proportional distances
from mandrel surface provide a lower upper bound solution.

4 Comparison of analytical results with the FEM results and experiment

The backward tube extrusion processes is simulated using the finite element software,
ABAQUS. Due to the symmetry of the process, two-dimensional axisymmetric models are used
for FEM analyses. In each case, the whole model is meshed with CAX4R elements. Fig. 3a
illustrates the mesh used to analyze the deformation. Punch, mandrel and container undergo
elastic strains only. Thus, it is not necessary to use a fine mesh in these two pieces. However,
sufficiently fine meshing is essential in material which undergoes plastic deformation. The
container is fixed by applying displacement constraint on its nodes while the punch model is
loaded by specifying displacement in the axial direction. Deformed model is shown in Fig. 3b.

HHHHH
sazza;
anaaas
A
ssssEns
(a) The finite element mesh (b) The deformed mesh

Fig. 3 The finite element mesh and the deformed mesh.
For comparison, the corresponding results are also obtained using experiment. A 50 kN STM
universal testing machine is used to perform the experiments, which is illustrated in Fig. 4,
together with a die-set. A sodium based grease lubricant is applied manually on the contact
surfaces of billets and die-sets. The initial tube was lead with length 40 mm,r_ —11 mm,
R; =6, R, =3 mm and the flow stress given by tensile test as

o =38.97 £04%¢ (MPa) (30)
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Based on Eq. (31) a mean flow stress of 55.5 MPa was estimated for the material used.

The initial tube and the extruded sample corresponding to the conical punch, punch length 8
mm, are shown in Fig. 5. Experimental load—displacement curve of the conical punch is shown
in Fig. 6. By comparing the experimental results of the conical punch with the FEM simulation
results, it is found that the shear friction factor M for the experiment is about 0.5 and it is used in
upper bound model.

Fig. 4 The 50 kN STM universal testing machine with a die-set mounted.

(@) initial tube (b) conical punch (c) extruded tube
Fig. 5 Initial tube and extruded sample for conical punch.
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=== EXperiment

T

Extrusion force (kN)
~

O0123456789101112

Displacement(mm)

Fig. 6 Experimental force-displacement curve for conical die.

In Fig. 7, the analytical, experimental and FEM force-displacement curves for conical punch is
compared. The results show good agreement between the analysis and experiment. As shown in
this figure, the theoretically predicted extrusion force is higher than the experimental and FEM
results, which is due to the nature of the upper bound theory.

60F Upper bound 1
=== Experiment
50r ===FEM 5
~—~ L 4
5 S
b 407 0" D » 1
5 N e
K=
o
S 30 Ky 1
3 i
= VR
3 20f 7’ ,/ b
A Rf/IRo=0.5
Kol P m=05
10+ "/ o b
Rt
7z
0 L I I I I L I I I I

0 1 2 3 4 5 6 7 8 9 10
Displacement (mm)

Fig. 7 Comparison between the analytical, experimental and FEM force-displacement curves
for conical punch.

Extrusion force variations versus punch length for backward tube extrusion through conical
punch and the Yang and Han punch shape obtained from the upper bound model, for R; =6 ,
mmR, =11 mm, R, =3 mmandm=0.3, are compared with each other in Fig. 8. As can be
seen from the figure, the trend in the two curves is similar. Also, at any length of the punch, the
required extrusion force in the optimum Yang and Han punch shape is less than that in the
optimum conical punch.
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Fig. 8 Comparison between the extrusion force variation versus punch length for conical
punch and Yang and Han punch shape obtained from the upper bound (R; =6 mm,
R, =11 mm, R, =3 mmandm=0.3)

In Fig. 9, the extrusion force displacement curve for optimum Yang and Han punch shape
obtained from the upper bound solution and the FEM simulation is compared with each other.
The results show good agreement between the analysis and FEM. As shown in this figure, at the
early stage of extrusion, unsteady state deformation occurs, and the materials have not yet filled
up the cavity of the punch completely. Thus, the extrusion force increases as the extrusion
process proceeds. After the materials have filled up the cavity of the punch completely, the
extrusion forces are constant. That is because of the frictional surfaces and shear surfaces are no
change as the punch is advanced.

60
m— Jpper bound

50  ====FEM 1
3
< 40+ ’ .
8

~ ri
8 3, RN Gl T S ST
o ]
= »
S i
£ 20 1 .
] ’
/ Rf/Ro=0.5
10t /' m=0.5 il
‘J
-""‘l
0 5] r r L r L L r r r r

0 1 2 3 4 5 6 7 8 9 10
Displacement (mm)

Fig. 9 Comparison of analytical and FEM force-displacement curves for optimum Yang and
Han punch shape.
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The effect of friction factor upon extrusion force is shown in Fig. 10. As shown in these figures,
at a punch length that called the optimum length, the extrusion force is minimized. As shown in
this figure, the extrusion force increases with increasing the friction factor. Also, with increasing
the friction factor, the optimum length of punch is increased.

120

Friction factor
100+ —— () 4 ’

—0.3
—0.2

Optimum Punch Length

Extrusion force (kN)

20k Rf/Ro=05 |

5 10 15 20 25 30
Punch Length (mm)

Fig. 10 Effect of friction factor upon the extrusion force for Yang and Han punch shape.

5 Conclusions

In this paper two velocity fields and their power terms for backward tube extrusion process
through punches of any shape were presented. Derivations for three main components of the
consumed power including deformation, discontinuity and frictional powers were presented.
The results of upper bound models for two velocity fields were compared to each other for
extrusion through a streamlined die shape. The results demonstrated that assuming proportional
distances from the mandrel surface in the deformation zone was better than assuming the
proportional angles. Comparison of the measured extrusion force with that estimated by the
proposed upper bound solution showed a good agreement. The analytical results were also in
good agreement with the FEM data.

The developed upper bound model can be used for finding the optimum punch length which
minimizes the extrusion force for a given punch shape and process parameters.
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Nomenclature

J externally supplied power of deformation

m constant friction factor

k material yield strength in shear

L punch length

L bearing length

r,o,¢ spherical coordinate system

r radial position of the velocity discontinuity surface S,
r, radial position of the velocity discontinuity surface S;
S area of frictional or velocity discontinuity surface

Vi VgV, radial, angular and third components of velocity

\ volume of integration

Vi velocity of final tube

V, velocity of punch

Wig Wi Wes, Wi frictional power losses along the frictional surfaces S3,S,,Ssand Sg,

respectively
internal power of deformation
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shear power losses along the velocity discontinuity surfaces S; and S,
, respectively

angle of the line connecting the initial point of the punch to the final
point of the punch

velocity difference

normal strain rate components

shear strain rate components

local angle of the punch surface with respect to the local radial
velocity component

flow stress of the workpiece material

mean flow stress of the workpiece material

frictional shear stress

angular position of the punch surface as a function of radial position
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